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Phenomenology of ηγ and η′γ transition form factors
at large momentum transfer
Th. Feldmanna∗
aFachbereich Physik, Universita¨t Wuppertal, 42097 Wuppertal, Germany
I discuss the progress in our theoretical understanding of the ηγ and η′γ transition form factors, including the
recent data from CLEO and L3 at large momentum transfer, Q2. The experimental data above Q2 = 1 GeV2 can
be well described by the hard scattering approach if the distribution amplitudes for η and η′ mesons are taken
close to the asymptotic one. Particular attention is paid to the interpretation of the data in terms of properly
defined η-η′ mixing parameters. I also comment on the use and misuse of interpolation formulas for Pγ and Pγ∗
transition form factors. (Talk presented at conference Photon’99, Freiburg, May 1999)
1. Introduction
The hard exclusive production of pseudoscalar
mesons P = π0, η , η′, . . . in two-photon reactions
provides an important process to test our under-
standing of QCD and to determine the properties
of the pseudoscalar mesons. The calculation of
the related transition form factor
〈γ(q′, ε)|Jelmµ |P (p)〉
= i e20 FPγ(Q
2) ǫµαβγ p
α q′β εγ (1)
at large virtualities of (at least) one of the two
photons, Q2 = (p− q′)2 ≫ Λ2QCD, is based on the
factorization of the amplitude into a short- and
a long-distance part. The former can be calcu-
lated perturbatively by considering the elemen-
tary scattering of photons and quarks. In leading
order this is a pure QED process, and thus uncer-
tainties related to the value of αs only enter on
the level of QCD corrections. The long-distance
part is expressed in terms of process-independent
light-cone wave functions (LCWFs) of qq¯- or
eventually higher Fock states in the meson. The
LCWFs parametrize the non-perturbative fea-
tures related to, for instance, confinement. In the
asymptotic limit, Q2 → ∞, the behavior of the
wave functions is known from the QCD evolution
equation [1,2]. For the πγ transition form factor
∗Supported by Deutsche Forschungsgemeinschaft
this leads to the famous prediction
lim
Q2→∞
Q2 Fpiγ(Q
2) =
√
2 fpi . (2)
The recent data from CLEO [3] at momentum
transfer up to 15 GeV2 are still 10-15% below
that limit, indicating that corrections to Eq. (2)
have to be taken into account. In the standard
hard-scattering approach (sHSA), see e.g. Ref. [4],
one uses the collinear approximation (i.e. one ne-
glects the transverse momenta of the partons) but
includes radiative gluon corrections in fixed or-
der perturbation theory. In the modified version
of the hard-scattering approach (mHSA) also the
effects connected to the transverse degrees of free-
dom are taken into account. In addition to the
intrinsic transverse momenta a resummation of
radiative gluon corrections accumulated in a Su-
dakov factor is included. The HSA gives a good
description of the πγ transition form factor at
moderate values of Q2 and indicates that the pion
wave function is close to its asymptotic form al-
ready at small factorization scales, for details see
e.g. Refs. [4–6] and references therein.
In this talk I will concentrate on the mHSA
calculation of the ηγ and η′γ transition form fac-
tors [7]. Using the πγ form factor as a case of ref-
erence, one obtains valuable information on the
η and η′ properties. Especially the η-η′ mixing
parameters perfectly fit into the improved theo-
retical and phenomenological pattern which has
been established recently in Refs. [8,9].
22. MHSA calculation
Starting point of the calculation is a Fock-state
expansion of the η and η′ mesons
|P 〉 =
∑
a=8,0
ψaP (x,
~k⊥) |q¯ λ
a
√
2
q〉+ . . . (3)
Here and in the following a = 8(0) indicate flavor
octet(singlet) quantum numbers and P = η, η′.
The dots stand for higher Fock states with ad-
ditional gluons or quark-antiquark pairs. Also a
pure two-gluon component |gg〉 can, in principle,
contribute. In Eq. (3) the non-perturbative infor-
mation is encoded in the LCWFs ψaP (x,
~k⊥). Here
x denotes the ratio of light-cone-plus components
of quark and meson momenta. The transverse
momentum of the quark is denoted by ~k⊥i. Due
to momentum conservation the anti-quark carries
the momentum fraction (1−x) and the transverse
momentum −~k⊥.
We remind the reader that, in principle, the
parton distributions (familiar from inclusive reac-
tions) can be obtained from an infinite sum over
all n-particle Fock states by taking the squares of
LCWFs and integrating over all transverse mo-
menta and all but one momentum fraction x of
the struck parton [1]
qi(x) =
∑
n
∫
[dx] [d2k⊥] |ψn|2 δ(xi − x) . (4)
It can be shown on quite general grounds that the
lowest Fock states dominate the parton distribu-
tions at large values of x. In practice this feature
can be exploited as a cross-check for parametriza-
tions of LCWFs, see e.g. Ref. [10]. In parallel,
higher Fock states are suppressed by 1/Q2 in ex-
clusive reactions, like in the Pγ transition form
factor. In what follows we therefore only consider
the |qq¯〉 Fock states.
As an ansatz for the LCWFs we use the same
decomposition that has been proven successful for
the pion [5], i.e.
ΨaP (x,
~k) =
faP
2
√
6
φaP (x, µ)
16π2(aaP )
2
x (1 − x) ×
exp
[
−(aaP )2
k2
⊥
x(1− x)
]
. (5)
Here φaP (x, µ) is the distribution amplitude for
which we assume the asymptotic form φAS(x) =
6x(1− x). For the transverse size parameters aaP
we employ a single value taken from the pion case.
It is fixed by the chiral anomaly prediction for
π0 → γγ [11], leading to api = 0.86 GeV−1. We
will see, that these assumptions are sufficient to
explain the experimental results for the Pγ tran-
sition form factors. Of course, they could be re-
laxed if more precise data were available.
Finally, faP are the octet or singlet decay con-
stants defined as (fpi = 131 MeV)
〈0|Jaµ5|P (p)〉 = i faP pµ . (6)
They play a distinguished role since, like in the
pion case (2), they determine the asymptotic limit
of the ηγ and η′γ transition form factors. Due
to the mixing in the η-η′ system both, η and η′
mesons have octet and singlet components. The
four decay constants, resulting from the defini-
tion (6), can conveniently be parametrized as [8](
f8η f
0
η
f8η′ f
0
η′
)
=
(
f8 cos θ8 −f0 sin θ0
f8 sin θ8 f0 cos θ0
)
.(7)
For the numerical calculation we follow the phe-
nomenological analysis in Ref. [9] and take
f8 ≃ 1.26 fpi θ8 ≃ −21.2◦
f0 ≃ 1.17 fpi θ0 ≃ − 9.2◦ . (8)
It is to be stressed that the two angles θ8 and θ0
are different. In χPT this difference is induced by
the same SU(3)F breaking parameter L5 which
is responsible for the difference of kaon and pion
decay constants
θ8 − θ0 ∝ L5 ∝ 1− fK/fpi . (9)
For details see Ref. [8]. We remind the reader
that in χPT the decay constants relate the bare
octet or singlet fields with the physical ones via
P (x) =
∑
a
faP ϕ
a(x) . (10)
For θ8 6= θ0 this is not a simple rotation, in con-
trast to our naive intuition,(
η
η′
)
6=
(
cos θ − sin θ
sin θ cos θ
) (
f8 ϕ8
f0 ϕ0
)
. (11)
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Figure 1. a) The ηγ transition form-factor, and b) the η′γ transition form factor, each multiplied by Q2.
The dashed lines indicate the asymptotic limit (14). The solid line is the mHSA calculation. Data are
taken from Refs. [3,12–15].
Figure 2. Lowest order Feynman graphs con-
tributing to the hard-scattering amplitude TH .
The Pγ transition form factors can now be cal-
culated from the following convolution formula
FPγ(Q
2) =
∑
a
∫
dx
d2b
4π
Tˆ aH(x, b,Q
2)×
exp[−S] ψˆaP (x, b) . (12)
A Fourier transformation to transverse configu-
ration space, ~k⊥ → ~b, has been performed which
is indicated by the hat over T aH and Ψ
a
P . The
hard-scattering amplitude is calculated from the
Feynman-graphs in Fig. 2,
T aH =
4
√
6Ca
xQ2 + ~k2
⊥
+ x(1 − x)M2P
(13)
with C8 = (e
2
u + e
2
d − 2e2s)/
√
6 and C0 = (e
2
u +
e2d + e
2
s)/
√
3 denoting charge factors. The term
exp[−S] denotes the Sudakov factor (its explicit
form can be found in Ref. [16]). The transverse
separation b of the two quarks inside the meson
provides an intrinsic definition of the (gliding)
factorization scale µF = 1/b which sets the in-
terface between true non-perturbative soft gluon
contributions – still contained in the hadronic
wave functions – and perturbative ones accounted
for by the Sudakov factor.
The integral in Eq. (12) can be calculated nu-
merically and leads to the result shown in Fig. 1.
One observes a perfect description of the exper-
imental data for Q2 ≥ 1 GeV2. We also have
shown the asymptotic limit of the transition form
factors which follows from Eqs. (5), (12) and (13)
lim
Q2→∞
Q2 FPγ(Q
2) =
∑
a
6Ca f
a
P . (14)
Using the parameters (8), one obtains for the
r.h.s. of Eq. (14) the values 181MeV and 299MeV
for η and η′ mesons, respectively. This has to be
compared with the value 185 MeV for the π0, see
Eq. (2). Note that the approximate equality of
the asymptotic limit for the π0γ and ηγ transition
form factor is totally accidental and has nothing
to do with SU(3)F flavor symmetry within the
pseudoscalar octet (which is, of course, broken
here by the electric charges).
43. Interpretation of the data
One of the conclusions drawn at the Pho-
ton’97 conference on the basis of the CLEO data
for the Pγ transition form factors was that the
η′ meson behaves differently than the other light
pseudoscalars [17]. Although, at first glance, this
statement is not surprising since the η′ is known
to be effected by the U(1)A anomaly, it is in obvi-
ous contradiction to the results presented in the
previous section where a good description of the
data has been achieved with similar LCWFs for
π0, η and η′ mesons. The resolution of the appar-
ent contradiction is connected with the treatment
of the data at large and small values of Q2.
First, let us plot again the large-Q2 data from
CLEO for π0, η and η′ but now divided by
their asymptotic behavior, Eqs. (2) and (14),
respectively, see Fig. 3. Basically, within the
errors, the data for the three different mesons
fall on top of each other. For comparison, we
have again included the result of the mHSA ap-
proach (12) – with meson masses neglected in
the hard-scattering amplitude (13) – and also the
sHSA prediction [4]
Q2 Fpiγ(Q
2) =
√
2 fpi
(
1− 5
3
αV (e
−3/2Q)
π
)
.
(15)
In both cases we have employed the asymp-
totic distribution amplitude. Note that, follow-
ing Ref. [4], in Eq. (15) a freezing strong coupling
constant αV is utilized at rather small renormal-
ization scales. Both, the sHSA and the mHSA,
describe the data reasonably well.
As discussed above, the Pγ transition form fac-
tor at large values of momentum transfer is dom-
inated by the |qq¯〉 Fock states. We therefore have
to conclude that π0, η′ and η′ mesons behave sim-
ilarly in hard exclusive reactions due to the fact
that the anomalous character of the η′ meson does
not show up in the |qq¯〉 Fock states.
On the other hand, in experimental analyses
one often performs a fit to the data which is based
on a simple pole ansatz
FPγ(Q
2) ∝ 1
1 +Q2/Λ2P
. (16)
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Figure 3. Comparison of Pγ transition form
factors for P = π0, η, η′. Data are taken from
CLEO [3] and divided by the asymptotic behav-
ior (2) and (14). The solid line is the mHSA
prediction (12); the dashed line the sHSA pre-
diction (15), the dotted line the asymptotic limit.
Meson masses have been neglected in this plot.
The fit includes data at both, low and high val-
ues of momentum transfer. The effective pole
masses found from e.g. the CLEO analysis [17]
are Λpi = 776 ± 22 MeV, Λη = 774 ± 29 MeV,
and Λη′ = 859± 28 MeV. Apparently, the η′ be-
haves differently in that kind of analyses. But
is there any deeper physical meaning in the pa-
rameters ΛP ? To answer this question it is neces-
sary to consider interpolation formulas for the Pγ
transition form factors which are usually taken
as a justification of Eq. (16). For the pion such
a simple formula has been proposed by Brod-
sky/Lepage [1]
FBLpiγ (Q
2) =
√
2 fpi
Q2 + 4π2f2pi
. (17)
Obviously, it has the correct asymptotic limit (2).
Furthermore for Q2 → 0 it coincides with the chi-
ral anomaly prediction. Eqs. (17) and (16) also
happen to have a similar form as the vector dom-
inance model (VDM). One also has the approxi-
mate equality Λpi ≃ 2πfpi ≃Mρ,ω, but there is no
reason for these relations to be exact.
5Things become more involved if we consider the
ηγ and η′γ transition form factors. Here both,
the asymptotic limit (14) as well as the chiral
anomaly prediction for Q2 = 0 [8,7] are given by
a linear combination of two terms, arising from
the mixing of octet and singlet contributions. For
θ8 6= θ0 the pre-factors in the limit Q2 → 0 and
Q2 → ∞ are different, and one does not find
a simple interpolation formula. It has been ob-
served [9] that the decay constants which enter
both the theoretical predictions, for Q2 = 0 and
Q2 → ∞, have (at least approximately) a much
simpler decomposition in the quark flavor basis,
(
f qη f
s
η
f qη′ f
s
η′
)
=
(
fq cosφ −fs sinφ
fq sinφ fs cosφ
)
. (18)
Here the index q denotes the flavor combination
(uu¯+dd¯)/
√
2 and s stands for ss¯. The parameters
in Eq. (8) correspond to φ = 39.3◦, fq = 1.07 fpi,
fs = 1.36 fpi. In the quark flavor basis it is suf-
ficient to consider only one single mixing angle
φ. This is equivalent to neglecting all true OZI-
rule violating contributions while topological ef-
fects connected to the U(1)A anomaly and mixing
are kept. In this scheme interpolation formulas
can be obtained [7] as a linear combination of
two individual terms which resemble the Brod-
sky/Lepage formula
F intPγ(Q
2) =
∑
i=q,s
6Ci f
i
P
Q2 + 4π2 f2i
, (P = η, η′)
(19)
with Cq = 5/9
√
2 and Cs = 1/9. Again we have
an approximate relation to VDM, since Mρ,ω ≃
2πfq and Mφ ≃ 2πfs. A simple connection to
the experimental fit parameters Λη and Λη′ can,
however, not be found. We may expect that the
values of Λη and Λη′ lie somehow between Mρ
and Mφ. In fact, since the charge factor in front
of the strange quark contribution in Eq. (19) is
smaller than the one for the light quark contri-
bution the values of ΛP should be closer to the
ρ mass. Furthermore, for φ = 39.3◦ the strange
quark component of the η′ meson is larger than
the one for η; thus one should have Λη′ > Λη.
This is in line with the experimental findings.
Coming back to our question from above, we
have to consider the pole-parameters ΛP as an
effective way to compare results of different ex-
periments (as long as they are performed at sim-
ilar values of Q2). They have no deeper theoreti-
cal meaning, although they show some qualitative
similarities with VDM. In particular, the values
of ΛP cannot be used as a measurement of the
decay constants fpi and f
a
P .
Furthermore, interpolation formulas like
Eqs. (17), (19) have to be used with some care:
Compared to the mHSA prediction they tend to
overestimate the transition form factor at inter-
mediate momentum transfer [7]. Nevertheless,
they can be used to obtain a rough estimate,
e.g. for the implementation of the transition form
factors in Monte Carlo generators [18].
If both photons are taken far off-shell one
should also keep in mind that the naive VDM-
prediction leads to the wrong asymptotic behav-
ior (∝ 1/Q21Q22). The correct limit is obtained
from a generalization of Eq. (14)
lim
Q2
1
,Q2
2
→∞
FPγ∗(Q
2
1, Q
2
2)
=
∑
i=q,s
6Ci f
i
P
∫ 1
0
dx
2x(1− x)
xQ21 + (1− x)Q22
.
(20)
Starting from Eq. (20), again interpolation for-
mulas for the general case Q21, Q
2
2 6= 0 can be
constructed. A simple choice, which leads to re-
sults that are very close to the mHSA calculation,
is to perform in Eq. (20) the replacement,
xQ21 + (1− x)Q22 → xQ21 + (1− x)Q22 + 4π2f2i /3 .
The x-integration in Eq. (20) can be performed
analytically, but the result looks rather compli-
cated. For a further discussion and alternative
choices of interpolation formulas see also the work
of Ong [19] which has been contributed to the
Photon’97 conference. In any case, for the inter-
polation formulas for Pγ∗ transition form factors
the same limitations apply as for the approxima-
tions (17) and (19).
64. Conclusions
The experimental data for ηγ and η′γ transi-
tion form factors at large momentum transfer are
well described by the hard-scattering approach.
Two important features of η and η′ mesons can
be read off from the data: i) The distribution
amplitudes of the quark-antiquark Fock states of
η and η′ mesons are similar to the pion one and
close to the asymptotic form already at low scales.
This means that the U(1)A anomaly does not
show up in the shape of the LCWFs of the va-
lence Fock states. A similar conclusion has been
drawn within a somewhat different framework in
Ref. [20]. ii) The values of the decay constants
in the η-η′ system, which have been determined
from a detailed phenomenological analysis else-
where [9], are confirmed. This underlines the ne-
cessity of using the general mixing scheme pre-
sented in Ref. [8] whereas a description in terms
of a single octet-singlet mixing angle is disfavored.
The interpretation of the experimental data by
means of effective pole masses based on simplified
interpolation formulas can be very misleading and
has to be considered with great care. At most,
such a procedure can be used to compare differ-
ent experiments, provided that the data is taken
within similar ranges of momentum transfer. The
pole masses do not at all provide a process-
independent definition of ‘decay constants’.
The results can easily be generalized to the case
where both photons are off-shell. Experimental
data for Pγ∗ transition form factors is, however,
not available yet.
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